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1. Statement of the problem
This paper continues an investigation into the application and generalization of two-
dimensional field theory to higher dimensional theories begun in [1]. Here we explain how
the higher dimensional analog of the central charge of a current algebra is “integrated” to
the central extension of the corresponding group.
Let X be an n-dimensional compact manifold, G a Lie group and G = Map(X,G) the
space of differentiable maps. It is well-known that when G is simple and simply connected
the covering group of G has a universal central extension by
J = Ω1(X ; IR)/Z1
ZZ
(X) (1.1)
where Ωj(X) is the space of all differentiable j-forms on X , Zj(X) is the space of closed
j-forms, and Zj
ZZ
is the space of closed forms with integral periods [2]. Correspondingly,
the Lie algebra is extended by the space:
J = Ω1(X)/dΩ0(X) ∼= Zn−1(X)∨ (1.2)
by means of the cocycle: 1
〈c(X, Y ), α〉 =
1
8pi2
∫
X
α ∧ Tr(XdY ) (1.3)
for α ∈ Zn−1(X) and X, Y ∈ Ω0(X ; g).
It has been emphasized in [3] that it would be desirable to make the abstract con-
struction of the universal central extension Ĝ more explicit. In this note we give such a
construction. It is similar to Mickelsson’s approach [4] for the case X = S1 and follows
the ideas of section (4.4) of [2]. A different solution to this problem, for the case when X
is a Riemann surface, was recently proposed in [5].
A slight generalization of the above problem replaces the group Map(X,G) by the
group Aut(E) of gauge transformations of a principal G-bundle E over X . In order to
write down the Lie algebra cocycle one fixes a connection ∇ in the adjoint bundle ad(E)
and defines: 2
c∇(X, Y ) =
1
8pi2
Tr(X∇Y ) . (1.4)
Our construction generalizes to give the universal central extension of Aut(E).
1 Tr is normalized so that, if G˜ is the simply connected cover, an integral generator of
H4(BG˜;ZZ) is defined by 1
8pi2
TrF 2.
2 Under a change of connection by an ad(E)-valued one form A the cocycle changes by a
coboundary: c∇+A − c∇ = δǫA, where ǫA(X) =
1
8pi2
Tr(XA).
1
2. General construction
2.1. Extension of the universal covering of the group Map0(X,G)
We begin by constructing the extension of the universal covering UG of the component
of the identity G0 = Map(X,G)0 of G = Map(X,G). If B ⊂ A and D ⊂ C we let
Map((A,B); (C,D)) denote the space of smooth maps f of A to C, such that f(B) ⊂ D.
Introducing I = [0, 1] we define:
PG ≡ Map((X × I,X × {1}); (G, 1))
ΩG ≡ Map((X × I,X × {0, 1}); (G, 1))
(2.1)
and let Ω0G ⊂ ΩG be the component of the identity. The construction is summarized by
the diagram:
1 1
↑ ↑
1 → J → ÛG → UG → 1
↑ ↑ ↑
1 → N → P̂G → PG → 1
տ ψ ↑
Ω0G
↑
1
(2.2)
In the rightmost column of (2.2) we represent the group UG as a quotient. To obtain
the middle line we first construct a topologically trivial extension of PG by the space of
two-forms Ω2(X × I) using the group law:
(g1, e1) · (g2, e2) =
(
g1g2, e1 + e2 + C(g1, g2)
)
(2.3)
where C is a cocycle given by:
C(g1, g2) =
1
8pi2
Tr(g−11 dg1 ∧ dg2g
−1
2 ) . (2.4)
We would like to construct an embedding ψ of Ω0G as a normal subgroup of P̂G using the
3-form ω3 = Tr(g
−1dg)3 on the group G. Accordingly, we choose an extension h˜(x, t, t˜) of
h ∈ Ω0G to X × I × I˜ such that h˜(x, t, t˜ = 1) = 1 and write:
ψ(h) ≡
(
h,
1
24pi2
∫
I˜
h˜∗ω3
)
. (2.5)
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The second entry of (2.5) is an element of Ω2(X × I) which depends on h˜. Two choices
of extension lead to a difference by the closed two-form: 1
24pi2
∫
S1
h¯∗ω3. This two-form has
integral periods since for any cycle γ in Z2(X × I,X × {0, 1}) we have the corresponding
period:
1
24pi2
∫
γ×S1
h¯∗ω3 ∈ ZZ. (2.6)
Thus the difference for two choices of extension is an element of Z2
ZZ
(X × I,X × {0, 1}),
the space of closed two-forms vanishing on X × {0, 1} and having integral periods. Hence
we must extend PG in (2.2) by the quotient space N ≡ Ω2(X × I)/Z2
ZZ
(X × I,X ×{0, 1}).
Using the Polyakov-Wiegmann formula
(g1g2)
∗ω3 = g
∗
1ω3 + g
∗
2ω3 − d(3Tr(g
−1
1 dg1 ∧ dg2g
−1
2 )) (2.7)
one easily checks that ψ is a group homomorphism and that the image is a normal subgroup.
The projection in the middle column of (2.2) is defined by restriction of g to the
boundary and gives ÛG ∼= P̂G/ψ(Ω0G). Correspondingly, we have a map of the centers
N → J by integration along I.
2.2. Central extension for non-simply-connected G
When G is not simply connected we take a composition of the above extension of the
universal covering with the extension of the group G by its fundamental group:
1→ pi1(G)→ UG → G → 1 (2.8)
to get the universal central extension of G:
1→ Ĵ → Ĝ → G → 1
Ĵ ≡Ω̂G/ψ(Ω0G) .
(2.9)
Here Ω̂G is the restriction of the extension P̂G of the group PG to its subgroup ΩG. In
order to show that Ĵ is in the center of ÛG one must use (2.7) and the result that the
fundamental group of any Lie group is abelian. In general Ĵ is itself an extension
1→ J → Ĵ → pi1(G)→ 1 (2.10)
If pi1(G) has no torsion then Ĵ ∼= pi1(G) ⊕ J since the projection of an abelian group to
ZZ
n splits.
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2.3. Extension of Aut(E)
The above construction generalizes to the gauge group of a nontrivial bundle E by
making the following replacements. 3 Let pi : X × I → X be a projection. The group PG
is replaced by the subgroup of Aut(pi∗(E)) of automorphisms which are trivial at t = 1.
ΩG is replaced by the subgroup of automorphisms which are trivial at t = 0, 1.
Generalizing the extension in (2.3) requires a choice of connection on Aut(E) and
is defined by the cocycle: c∇(g1, g2) =
1
8pi2
Trg−11 ∇˜g1∇˜g2g
−1
2 . Here ∇ is a connection on
Aut(E), induced by connection d+A on E, so g−1∇g ≡ g−1dg + g−1Ag − A, where ∇˜ is
a pullback connection. The generalization of the embedding ψ is given by
ψ∇(h) =
(
h,
1
24pi2
∫
I˜
[
Tr(h˜−1∇˜h˜)3 + 3Tr F∇˜[h˜
−1∇˜h˜+ (∇˜h˜)h˜−1]
])
. (2.11)
Here we use the 3-form originally discovered in [6] in connection with multi-dimensional
solitons (for a recent application see [7]). The extra terms in the second entry in (2.11)
are required in order for ψ∇ to define a group homomorphism, or, equivalently, in order
to satisfy the PW formula: ψ∇(g1g2) = ψ∇(g1) + ψ∇(g2) + c∇(g1, g2).Again, two choices
of extension of h˜ lead to an ambiguity in (2.11) by an element of Z2
ZZ
(X × I,X × {0, 1})
(the periods are related to characteristic numbers of vector bundles constructed from E).
So, the group Aut(E) is extended by the same space Ĵ .
2.4. Extension when Aut(E) is not connected
Now suppose that pi0(Aut(E)) is not trivial so Aut(E) = ∐αAut(E)α. The construc-
tion above generalizes by letting PG = ∐PGα where, for each component α we choose a
standard element g0α (with g
0
0 = 1) and let PGα = {g ∈ Aut(E) : g(x, t = 1) = g
0
α(x)}.
The group Ω0G remains unchanged as does the construction.
2.5. Explicit formulas for the central extension
In order to make the construction more explicit we must make two choices. First, for
each γ ∈ pi1(G), we choose a representative L(γ) ∈ ΩG. Second, we choose a continuation
Φ(g) of g, i.e. a map of sets G → PG that inverts the restriction of PG to X . In
3 We continue to assume that Aut(E) is connected.
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general neither L nor Φ is a homomorphism. Indeed, if G is simple then Φ cannot be a
homomorphism. Elements of the centrally extended group Ĝ are left-cosets
(g,Φ(g), 0)(1, L(γ), λ)ψ(Ω0G) ⊂ P̂G (2.12)
where λ ∈ J . Elements of the center Ĵ = Ω̂G/ψ(Ω0G) of the extension (2.9) are also
cosets: (1, L(γ), λ)ψ(Ω0G) ⊂ Ω̂G.
We now give explicit formulae for the multiplication of the cosets. Ĵ is itself a central
extension (2.10). Thus, as a set it is the space of pairs (γ, λ), but the multiplication involves
a cocycle: (γ1, λ1)(γ2, λ2) =
(
γ1+ γ2, λ1+ λ2+CL(γ1, γ2)
)
. The cocycle CL is defined by
choosing a homotopy h between the loops 4 L(γ1 ∗ γ2) and L(γ1) ∗ L(γ2) and writing:
CL(γ1, γ2) =
1
24pi2
∫
I×I˜
h∗ω3 . (2.13)
Multiplication of two cosets (2.12) in P̂G leads to the central element (γ(g1, g2), λ(g1, g2))
given by:
γ(g1, g2) =[ϕ1,2] ∈ pi1(G)
λ(g1, g2) =
∫
I
C(Φ(g1),Φ(g2)) +
1
24pi2
∫
I×I˜
h˜∗ω3,
(2.14)
The loop ϕ1,2 ∈ ΩG is obtained by “glueing together” the paths Φ(g1) ·Φ(g2) and Φ(g1 ·g2).
More precisely, denoting by ()inv the operation of taking the inverse in the semigroup of
paths, ϕ1,2 = (Φ(g1) · Φ(g2)) ∗ (Φ(g1 · g2))inv. h˜ is a homotopy in G between the loop ϕ1,2
and the representative of its homotopy class L([ϕ1,2]).
2.6. Relation to the descent procedure
In light of the above results it is instructive to reconsider the descent procedure for
constructing gauge group cocycles with values in functionals of gauge connections [8].
Recall that one introduces three operations d, d−1, δ, on differential-form valued functionals
of group elements and gauge connections such that δ2 = d2 = 0. δ is a group cochain
differential [8]; d−1 is defined in [9] and is essentially the operation
∫
I
used in equation
(2.5) above. Starting from a 2m-form Ω2m = TrF
m, which satisfies δΩ2m = dΩ2m = 0, one
applies the operation d−1δ a total of k times to get Ξ =
∫
X
d−1δ · · ·d−1δd−1Ω2m, which
satisfies δΞ = 0 and hence is a cocycle of degree k in dimension 2m− k − 1.
4
∗ stands for the path multiplication.
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Comparing with (1.3) it is apparent that one might have started with an n + 3-form
Ω′n+3 = α ∧ TrF
2 where α is a closed n − 1-form with integer periods. Repeating the
descent procedure with the appropriate definition of d−1, one obtains a 2-cocycle taking
values in J . For example, if H3(G) is trivial, the form Tr(g−1dg)3 on the group G is exact:
Tr(g−1dg)3 = db2, where b2 is a 2-form on a group G. The cocycle Cd obtained using the
descent procedure is :
Cd(g1, g2) = λ(g1, g2) +
∫
I
(Φ(g1)
∗b2 + Φ(g2)
∗b2 − Φ(g1g2)
∗b2), (2.15)
and differs from the one presented in this paper by a coboundary. One can show that the
cocycle Cd is independent of the choice of the section Φ, while under a change of b2 it
changes by a coboundary.
3. Specializations
Let us now assume that pi1(G) has no torsion. We have constructed the universal
central extension of G by J ⊕ pi1(G). All other central extensions are formed by taking
quotients Ĝ/Ĵ1 ,where Ĵ1 ⊂ J ⊕ pi1(G). Here we list some interesting examples.
First, to get a one-dimensional central extension we note that the group of characters
of J ⊕pi1(G) is Z
n−1
ZZ
(X)⊕H1(G). Given an element (α, χ) of this space we can take Ĵ1 to
be ker(α ⊕ χ). The corresponding group extension is given by exp
[
2pii
∫
X
α ∧ λ(g1, g2) +
2piiχ(γ(g1, g2))
]
. Second, if X is equipped with a metric then we can take Ĵ1 = d
∗Ω2+Z1
ZZ
.
In this case the connected component of the center is the torus H1(X ; IR)/H1(X ;ZZ).
Third, if X is also equipped with a complex structure then we can work over the complex
numbers and choose Ĵ1 =
[
∂¯†Ω0,2 ⊕ Ω1,0
]
+ Z1
ZZ
. In this case the connected component of
the center is the connected component of the Picard variety
Pic0(X) ≡ H
1,0\H1(X ;C)/H1(X ;ZZ) . (3.1)
Finally, if X is a complex curve we do not need a metric to construct the central extension
by the Jacobian of the curve. In this way we obtain a solution of the problem posed in
[3] and solved independently using a very different and beautiful technique of holomorphic
geometry in [5]. Moreover, since in this case pi1(G) = ZZ, the center is the full Picard
variety.
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